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1. INTRODUCTION 
If  G is a finite graph, any subset S of the points of G generates a subgraph 
(S)  which contains the points of S and all lines of G joining those points. 
I f  G has even order and its 2n points are partitioned into disjoint subsets 
A and B of n points each, the pair of subgraphs (A), (B)  forms an equi- 
partition of G, denoted by [A, B]. I f  (A) is isomorphic to (B), written 
(A) ~ (B), then [A, B] is a bisection of G. A graph is bisectable if it has 
a bisection. If  every equipartition is a bisection, the graph has all 
bisections. 
In [3], we characterized the graphs having all bisections. A similar 
characterization is given here for directed graphs. In such graphs, any two 
distinct points u and v may be joined by a directed line uv from u to v, a 
line vu, both lines, or neither. 
2. BASIC CONCEPTS 
The letter D will denote a directed graph and the letter G an undirected 
graph. For convenience, we shall use the term digraph 1 for a directed 
graph and the term graph for an undirected graph. Two points u and v of 
D are symmetric if both uv and vu belong to D or neither belongs to D, and 
D is symmetric if each pair of its points is symmetric. Two points u and v 
are joined asymmetrically or are asymmetric if one but not both of the 
lines uv, vu belongs to D. 
* The authors wish to thank F. Harary, who suggested this generalization f [3] and 
correctly conjectured many of the results. 
* Supported by NSF Grant G-23718. 
1 Here and elsewhere the terminology and notation of [2] are used. 
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The complement of a graph G is the graph G with the same points as G 
and such that two points are joined in G if and only if they are not joined 
in G. The complement ofa digraph D is the digraph/3 with the same points 
as D and such that, for any two points u and v, the line uv belongs to/3 if 
and only if it does not belong to D. For both graphs and digraphs, the 
complement of the complement is the initial graph. Two graphs or di- 
graphs are isomorphic if and only if their complements are isomorphic. A
graph or a digraph has all bisections if and only if its complement has all 
bisections. 
A graph G is complete if every pair of points is joined. The symbol K~ 
will denote the complete graph of order r. A graph or a digraph is totally 
disconnected if it has no lines. 
Corresponding to a digraph D is an undirected graph U(D) with the 
same points as D and in which the line uv occurs if and only if uv or vu 
occurs in D. Clearly, if D1 ~ D2, then U(D1) ~- U(D2). The converse is 
only true in general when D1 and D2 are symmetric digraphs. Thus if D 
has all bisections, so does U(D), but the converse need not be true. 
A digraph D is weakly connected or weak (see [2]) if and only if U(D) is 
connected. A weak component of D is a maximal weakly connected sub- 
graph, and D 1 is a weak component of D if and only if U(D1) is a com- 
ponent of U(D). By a component of D, we always mean a weak component. 
If k is a positive integer, the symbol kG will denote the graph consisting 
of k components, each of which is G. 
Corresponding to a graph G is a symmetric digraph S(G) with the same 
points as G and obtained by replacing each line uv of G by the directed 
lines uv and vu. Clearly G1 ~ G2 if and only if S(G1) ~ S(G2), so G has all 
bisections if and only if S(G) has all bisections. 
In a digraph D, the number of lines from a point v is the outdegree of v, 
denoted by od(v). The number of lines to v is the indegree, denoted by 
id(v). The sum of these two degrees is the total degree of v, denoted by 
td(v). If  the total degree is constant for all points, then D is regular. The 
ordered pair (od(v), id(v)) is the degree pair of v. A point with positive 
outdegree and zero indegree is a transmitter. A point with zero outdegree 
and positive indegree is a receiver. 
If every pair of points in D is asymmetric, then D is a tournament. It is a 
transitive tournament if the existence of lines uv and vw always implies the 
existence of uw. 
If G 1 and G2 are graphs, the product G~ • G2 (see [1 ]) is the graph whose 
point-set is the Cartesian product of the point-sets of G~ and G2 and 
in which (u~, u2) is adjacent o (v~, v2) if and only if u~v~ G~ and 
U2V 2 E G 2 . 
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3. GRAPHS AND DIGRAPHS WHICH HAVE ALL BISECTIONS 
Let C4 denote the graph which is a simple cycle (see [1]) of length four. 
The following theorem was established in [3]. 
THEOREM 1. A graph has all bisections i f  and only i f  it is one of the 
following graphs or its complement: 2C4, nKz, 2K,~ , K~ • Kz,  K~,. 
These graphs for n = 4 are shown in Figure 1. 
2C 4 2K 4 K 4 x K 2 
FIGURE 1 
All these graphs are regular, Except for 2C4, the graphs and their 
complements are listed in Table I together with their degrees. 
TABLE 1 
Name Graph Degree 
Go 0 Ks. 
nK2 Gx 1 
G~ 2K, n -- 1 
G3 K~ X K~ n--1 
Name Graph Degree 
G4 2K, n 
G~ K~ x K~ n 
Ge nK~ 2n -- 2 
G7 K2,~ 2n-  1 
In Table II, certain digraphs Dij of order 2n are defined. The degree in 
each case is the degree of the regular graph U(Dij). 
THEOREM 2. All the digraphs in Table H have all bisections. 
PROOF: The digraphs Dil ,  i = 0, 1,..., 7 have all bisections because 
the graphs Gi in Table I do. That D12 has all bisections is clear from its 
definition, so its complement Dr2 also does. That D22 and D74 have all 
bisections follows from the facts that any two transitive tournaments of 
the same order are isomorphic and that any subgraph (S~ of a transitive 
tournament is a transitive tournament. 
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TABLE I I  
Name Definition Degree of U(D~) 
D~I S(Gi), i = 0, 1,..., 7 degree of Gi 
n components of order 2, 
DI~ 1 
each a directed line 
two components of order n, 
D~ n -- 1 
each a transitive tournament 
D~2 D12 2n-  1 
DTz D22 2n-  1 
D~4 transitive tournament of order 2n 2n -- 1 
THEOREM 3. A necessary and sufficient condition for an even order 
digraph D to be regular is that, in every equipartition [A, B], the number of 
lines in (A) be the same as the number in (B). 
PROOF: Let re(A), re(B), m(A, B), and m(B, A) denote, respectively, the 
number of lines of  D which are in (A) ,  in (B),  have origin in (A)  and 
terminus in (B),  and have origin in (B)  and terminus in (A).  Then by 
simple counting, 
td(v) = 2m(A) -k re(A, B) Jr m(B, A) (1) 
V~A 
and 
td(v) = 2m(B) -k re(A, B) § m(B, A). (2) 
Hence if m(A) = m(B), then 
td(v) = ~ td(v). (3) 
v~A v~B 
I f  m(A) = re(B) is true for all equipartitions, it is true in particular 
when the n points with smallest otal degrees are taken for B. But then (3) 
is only possible if td(v) is constant for all v in D. 
On the other hand, if td(v) is constant, then (3) is valid. This together 
with (1) and (2) implies re(A) = m(B). 
COROLLARY. A digraph which has all bisections is regular. 
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A 3-cycle or cyclic triple is a directed cycle linking three points. In a 
complete symmetric digraph of order 3, each point is in two 3-cycles. 
THEOREM 4. I f  D has all bisections and has order 2n ~ 6, then every 
point of  D is in the same number of  3-cycles. 
PROOF: Denote the points of D by Va, v2 ..... v2, and let ci be the num- 
ber of 3-cycles which contain v,. Now fix vi and consider the collection of 
(2n--1~ such equi- all equipartitions [A, B! of D in which vi E A. There are ~ ~-  
partitions. Each 3-cycle containing v~ occurs in ~tz~-a~_8~ of the digraphs (A). 
Each 3-cycle without v~ occurs in ~(2~-4a,_4~ of the digraphs (A) (or none if 
n = 3) and in (2~)  of the digraphs (B). 
Because D has all bisections, the total number of 3-cycles in all the 
digraphs (A) equals the total in all the digraphs (B). Let t be the number 
of 3-cycles in D. Then 
(2n -- 3"~ (2n -- 4~ (2n -- 4~ 
ci \ n -- 3 ! q- (t --  ci) = (t --  ci) (4) \n - -41  \n - -3 ! "  
When simplified, this becomes 
2nci = 3t. (5) 
Hence c~ is constant. 
COROLLARY. In a digraph of  order 2n ~ 6 which has a 3-cycle and has 
all bisections, every point is in at least two 3-cycles. 
PROOF: Since t > 0, also ci > 0. Suppose c, = 1. Then n is divisible 
by 3 so n = 3r. Each point is in exactly one 3-cycle and the number of 
3-cycles is 2r. Form an equipartition [A, B! in which (A)  contains r --  1 of 
the 3-cycles and three other points, each from a separate 3-cycle other 
than those already chosen. Then if r > 1, the number of 3-cycles in (B) 
is r - -2  but there are r - -  1 in (A~ so [A, B! is not a bisection. Hence 
ci ~/ 2 for n > 3. 
4. PRINCIPAL THEOREM 
TrIEORZM 5. Any digraph D o f  order 2n ~ 8 which has all b&ections is 
one of  the digraphs in Table 11. 
PROOF: Let [A, B! be a bisection in which the points of A are 
ut ,  u2 ..... un and those of B are va, v2 ..... v~. Then 
[A , ,  Bj] = [(A - -  {uj}) u {v,}, (B - -  (v,}) u (u~.}] 
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will denote the bisection obtained by interchanging uj and vi so that vi is 
the only v-point in A~ and us is the only u-point in Bj .  
In the proof, three digraphs related to D will be used. Each has the 
same set of  points as D. One is the subgraph/~ that contains all lines uv 
which belong to D and such that vu does not belong to D. Another is the 
symmetric subgraph D that contains the lines uv in D such that vu is also 
in D. The third is the symmetric graph D.~ that contains uv and vu if and 
only if u and v are symmetric. I f  D has all bisections, so do D, D, and De 9 
Because U(D) also has all bisections when D does, it is one of the graphs 
in Table I and has one of the degrees h which appear in that table. I f  
h = 0, D = D0a. I fh  = 1, then U(D) = G1 so D consists o fn  components 
of  order 2. According as the regular total degree of  D is 2 or 1, D is Dn  or 
Oa~. 
We now consider the other possible values of  h. 
CAS~ 1: h = n - -  1, U(D) = G2. Now D consists of two isomorphic 
components D1 and D~ in each of which there is at least one line between 
any pair of  points. The subgraph/~ has all bisections and has total degree 
at most n --  1. The degree of U(/)) must be 0, 1, or n --  1. I f  it is 0, then D 
is symmetric and is D21 9 I f  it is 1, then U(D) would have degree n - -  2 and 
would not have all bisections. I f  the degree of U(D) is n --  1, then D1 
and D~ are tournaments. I f they are not transitive, let {S) be a 3-cycle of 
D~ and (T )  be a transitive triple of  D2 9 Then if n ~ 6, 
[(Dx --  S) k3 T, (D~ --  T) k3 S] 
is not a bisection. I f  n = 6, there exists a point v ~ D2 with od(v) ~ 3. Let 
S~ C D 2 contain v and three points to which v is adjacent. By the corollary 
to Theorem 4, every point of  D1 is in at least two 3-cycles. Since n = 6, 
there exists a set S 1 of  four points of D1 which generates a subgraph 
of D1 containing two 3-cycles. Since ($1) and ($2) are not isomorphic, 
[(D1 -- S0 t3 $2, (Dz - -  $2) u $1] is not a bisection. Therefore D1 and Dz 
are transitive tournaments so D = D~2 9 
CASh 2: h = n --  1, U(D) = G3. Now D has a bisection [A, B] such 
that (A)  with points ul ..... u~ and (B)  with points vl ..... v~ are totally 
disconnected; and in D, the points u~ and v~ are not joined while, for 
i =/= j, at least one of the lines u~vj, v~ui belongs to D. 
As in the preceding case, the degree of U(/)) must be 0, 1 or n --  1. I f  it 
is 0, then D is symmetric and is Dza. I f  it were 1, the degree of  U(D) would 
be n --  2 and D would not have all bisections. I f  it is n --  1, then/~ = D. 
We shall show that this is impossible. 
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Let the degree pair of ui be (ai ,  b0, i = 1, 2,.,., n. In the bisection 
[A~, Bj], the isomorphism of (Ai)  and (Bj) must pair vi E At with u~. ~ Bj .  
When i = j, the outdegrees and indegrees of v~ and ui are the same in 
(Ai)  and (Bi)  as in D, so od(ui) = od(vi) and id(ui) = id(vi), i = 1 ..... n. 
Hence (ai ,  bi) is also the degree pair in D of vi 9 
I f  i ~ j and ujv~ E D, then viuj ~ D. Then the degree pair of  v~ in (Ai)  is 
(a~, b~ -- 1) while that of uj in (Bj)  is (a~ -- 1, bj). Therefore 
(a~, b.z) = (aj -- 1, bj + 1). (6) 
F rom (6) it follows that, if ujv, E D, then a~ = as --  1 ; and, if viu~ E D' 
then ai = aj q- 1. Thus the max imum difference of the outdegrees (or of 
the indegrees) of any two points is 1. 
We may suppose that ulv2 E D. Then (a2, b2) = (al - -  1, bl § 1) and 
this implies that v~u2 ~ D. I f  V~Ul ~ D for some i, then 
(a~, b,) = (a  I -~ 1, b a - -  1). 
But then the outdegree of vi differs from that of v2 by 2. Since this is 
impossible, ulv~ E D for every i :~ 1 so al = n -  1, b I = 0. Also by 
(6), (ai ,  bi) z (al - -  1, bl + 1) = (n --  2, 1) for every i :;& 1. But then, 
unless n = 2, the sum of the outdegrees of points in D would exceed the 
sum of the indegrees which is impossible. 
CASE 3: h = n, U(D) = G4 9 Now D has a bisection [A, B] such that 
(A)  with points Ul ..... un and (B)  with points v~ ..... vn are totally dis- 
connected; and, in D, at least one of the lines uiv~, v~ui is in D for every 
i, j. Let (a~, b~) denote the degree pair in D of ui and (c~, di) denote that 
of vi 9 
In the bisection [A~, B~-] the isomorphism of (A~) and (Bj) must pair v~ 
with u~. According as v~ and u~- are joined symmetrically or asymmetrically, 
(ci, d i )=  (aj ,  bj) or (ci,  d / )= (a j -  1, bj § 1). Thus the outdegrees 
of a u-point and a v-point can differ at most by 1 and the same is true of 
their indegrees. 
Assume there is an asymmetric pair of points in D. It may be supposed 
that u~v~ belongs to D but not VlU~. Let (al, b l )  : (a, b). Then 
(C1, d l )= (a --  1, b -k 1). (7) 
Now there cannot be a point vi such that v~ux ~ D but u~v~ (~ D. For 
suppose v2 were such a point. Then the degree pairs of vx and v2 would be 
(a --  1, b -k 1) and (a -k 1, b --  1). To be compatible with these, every 
u-point would have (a, b) for its degree pair. Hence v~u~ but not u~v2 would 
be in D for every i, implying a § 1 = n and hence b --  1 = 0. Then 
u~v~Dforevery i ,  sob+ 1 = nandhencea- -1  = 0. 
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Thus 
a=n- -1  = 1, 
contradicting the assumption that n > 4. 
As a result, for every i, ulvi ~ D so 
a = n.  (8 )  
By exactly the same argument, there cannot be a point ui such that 
vlu~ E D but uivl 6 D. Hence uivl ~ D for every i, which implies b + 1 = n, 
or  
b = n --  1. (9) 
Because (a, b) ---- (n, n --  1) and vlua 6 D, Ua is symmetric with every 
other u~ so (e l ,  di) = (n, n - -  1), i = 2, 3 ..... n. Similarly, because 
(ca, d0 = (n --  1, n), the point vl is symmetric with each u~ except ul so 
(ai , bi) ~ (n - -  1, n), i = 2, 3 ..... n. But now the degrees imply that each 
v,u~ but not usvi is in D for i , j  = 2, 3,..., n. Thus each u, for i ~ 1 has 
outdegree n --  1 = 1 which is impossible since n > 4. 
The assumption that D has an asymmetric pair of points leads in each 
case to a contradiction, so D ---- D41 9 
CASE 4: h = n, U(D) = G5 9 Now D has a bisection [A, B] such that 
in (A)  with points Ul ,..., u , ,  and in (B)  with points va ..... v , ,  there is at 
least one line between each pair of  points, while at least one of u~v~, v~ui 
belongs to D for each i but u~ and v~- are unjoined if i ~ j. 
Consider the bisections [Ai, B~], i =/= j. In U((A~)) the degree of vi is 1, 
that of  u~ is n -- 1, while every other point has degree n --  2. Similarly, 
in U((B j ) )  the degree of u s is 1, that of  vj is n -- 1, and that of every other 
point is n --  2. Thus for n > 3 the isomorphism of (A,)  and (B~-) must 
pair v~ with u~. and u~ with vj. Thus for i ~ j if u, vi ~ D then v~uj ~ D. As a 
consequence, u~vi and viu, belong to D for every i. 
Now consider the graph Ds in which points are joined if and only if they 
are symmetric in D. Since each point in A is symmetric in D with each 
point of  B, the degree of U(D~) is at least n. Since U(Ds) has all bisections, 
its degree must be either n, 2n --  2, or 2n --  1. I f  it is 2n --  1, D is sym- 
metric and is D~a. I f  it is n, then (A)  and (B)  are tournaments. I f it is 
2n -- 2, each point in A is asymmetric with exactly one other point in A, 
and similarly each point in B is asymmetric with exactly one other point 
in B. 
Suppose u~ and u2 are asymmetric in D and u~u2 ~ D. Consider the 
bisections [A~,, B12] obtained from [A, B] by interchanging u~, u2 with 
vl and v~, i > 2. Then in U((B12)) the degrees of  Ux, u2 and vz are, respec- 
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tively, 1, 2, and n -  2 while all other v-points have degree n -  3. In 
U((AI~)) the degrees of vl,  vi and ui are, respectively, 1, 2, and n - -  2 
while all other u-points have degree n - -  3. Since n > 4, an isomorphism 
of (Ali) and (BI,,) must pair u~ with Vl and u2 with v~. Hence uiu2 ~ D, 
U2Ul ~ D imply VxVi E D, viv~ ~ D for i > 2. More generally, 
uiu~ ~ D, u~ui ~ D imply viv~ e D, vkvi ~ D, k =/= i,j. (10) 
Since n > 4, it follows f rom the last two paragraphs that U(Ds) cannot 
have degree 2n --  2. Suppose it has degree n so that (A )  is a tournament. 
Applying (10), ulu2 ~ D implies that VlV3 and vlv4 are in D. I f  usu4 E D, 
then V3Vl E D by (10). Then v~ and v3 are symmetric, a contradiction. I f  
u4u3 e D, then v4v~ E D, also a contradiction. Hence U(Ds) cannot have 
degree n. 
CASE 5: h = 2n - -  2. Let/~ denote the degree of U(13) where 13 is the 
complement of D. I f  /~ < 2n --  2, then by the previous cases, 13 is a 
digraph in Table I I  such that the degree of U(D) is 2n - -2 .  The only 
digraph 13 for which this is true is Dll 9 Then D = De1. Otherwise, h is 
2n --  2 or 2n --  1. 
If/~ = 2n --  2, then each point of D is symmetric with exactly two other 
points so U(Ds) is regular of degree 2. When n > 4, such a graph does not 
have all bisections. Therefore h cannot be 2n --  2. 
Suppose h = 2n --  1. Then in D there are n disjoint pairs of points 
(ui, vi) such that each of these pairs is unjoined. Every other pair of  points 
in D is asymmetric. Let A = {ul ..... un} and B = {v I ..... Vn}. Consider the 
subgraphs (uiviuk) and (uivivk) where i =fi: k. Call such a digraph a triple 
of type O, 1, or 2 according as the point uk or vk has outdegree 0, 1, or 2 in 
the subgraph (see Figure 2). Denote the type of (uiviu~) by uik and the 
type of (uivivk) by v~k. 
UI~u2 V[ 
UI2 = 0 
U I~U2 VI 
U12=[ 
U [ ~  VI 
U12 =2 
FIGURE 2 
Consider the equipartition [A1, B2], in which vl e A1 and u2 e B~. An 
isomorphism of (A1) and (B2) must pair u l ,  Vl with us, v2. Hence 
(u13, u14 ..... u1,,} -= (v~a, v24 ..... v2n), (11) 
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where we mean that each set contains the same number of  O's, l's, and 
2's. Now let [Aa3, B2a] be the bisection obtained from [A1, B2] by inter- 
changing u3 and va. Then the isomorphism of  <A13> and (B~3> implies 
that 
{~)13 , U14, U15 . . . . .  Ua~} = {U2z, V24, V25 ,-.., V2,}. (12) 
From (11) and (12) it follows that 
{vl~, u l~,  u~. ..... u l . )  = {v~,  v23, v~, .... , v~.) = {u~,  u2~, v~,,  v~5 ..... v~,,) 
(13) 
and hence that 
{vx3, v=z} = {u13, u23}- (14) 
Applying the same argument o [Ai, B~] and [Aik, B~k], we may con- 
clude more generally that 
{u~,  uj~} = {v~,  vj~}, (15) 
where i, j, k are distinct. 
Now assume that u13 =~ via. Using (15) with i = 1, j : 2, k = 3, it 
follows that uaz = v23 and u23 : v13. The same reasoning with i = 1, 
j=4 ,  k :  3 implies that u13 =v43 and u43 = v13. Choosing i=2,  
j = 4, k = 3, one obtains {u23, u~3} = {v23, v43} so v13 = u13 contrary to 
the assumption. 
More generally, by the same logic, 
uik = v ik  (16) 
for every i =/= k, i, k = 1, 2 ..... n. 
Now consider any quadruple (u~viu~vj) in D containing two pairs of 
unjoined points. There are only two types of  digraphs among such qua- 
druples. From (16), the triples (uiviuj) and (uiviv~) are of the same type, 
say x, while (ujv~ui) and (u~vjvi) are of  the same type, say y. I f  x = 2, 
then y = 0, and, if x = 0, then y = 2. We shall call this a type I qua- 
druple. The other possibility is a quadruple of  type II in which all four of 
the triples are of  type I (see Figure 3). 
u,i Iv2 u,i iv2 
U 2 - ~ -V  I U 2 - < .V  I 
Type I Type I I  
FIGURE 3 
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We can now show, since 2n > 8, that such quadruples in D must be all 
of type I or all of type II. Form the bisection [Aa~, B34] in which Ax2 has 
exactly two unjoined pairs (uI,  Vl) and (us, v2) while B34 has exactly two 
unjoined pairs (u3 ,v3) and (u4, v4). An isomorphism of (A12) and (Bz4) 
must map the quadruple (uxvlu2v~) onto (UzV3U4V4) so these are of the 
same type, say Y. From similar bisections [A12, Bzs] and [A12, B45] it 
follows that (u3v3usvs) and (u4v4usvs) are of type Y. Working back and 
forth with bisections [A13, B45] and [A23, B45], and so on, it is clear that 
every quadruple (u~viu~v~) must be of type Y. 
Consider the case in which all such quadruples in D are of type I. 
Suppose n = 2k § 1 is odd. The unjoined pair (Ul, vi) either forms type 
0 triples with the points of at least half of the remaining 2k unjoined pairs 
or it does not. Suppose it does. Choose k of the pairs with which it forms 
type 0 triples and form the bisection [E, F] in which E contains those pairs 
together with ui 9 In an isomorphism of (E )  and (F),  the point v~ in F 
must correspond to ui in E. Since ui is a transmitter in (E) ,  so is v~ in (F). 
Hence (ui, vi) forms type 0 triples with all the remaining points in D. This 
implies that the degree pairs of u~ and v~ in D are (2n -- 2, 0). 
If, on the other hand, (ui, v~) forms type 0 triples with the points of 
fewer than half of the remaining unjoined pairs, it must be in type 2 triples 
with more than half of them. By the same argument as before, the degree 
pairs in D of u~ and v~ must be (0, 2n -- 2). Hence all points in D have 
degree pairs (2n -- 2, 0) or (0, 2n -- 2). This is impossible for n > 1. 
A similar argument shows that, if n is even, it is impossible for all the 
quadruples to be of type I. 
Finally, consider the case in which all the quadruples are of type II. 
Then each point of D must have degree pair (n -- 1, n -- 1) since it has one 
line toward and one line from each unjoined pair of points other than the 
pair to which it belongs. 
Let (Ul, Vl) be an unjoined pair and relabel the points of the other n -- 1 
unjoined pairs so that there is a line from Ul to each u~, i = 2 ..... n. Then 
u~ is a transmitter in (A) where A = {Ul, u2 ..... un}. Each point ui, i =/= 1, 
is adjacent to v 1 in D; and at least two points, say us and u3, are adjacent 
to points of B = {vl, v2 ..... v~} other than v 1 . 
In the bisections [AI, B2] and [A1, B3], the point u~ is a transmitter in 
(A1) and v 1 is a receiver in (A1). Therefore u2 is a transmitter and v2 is a 
receiver in (B~). Hence v3v2 ~ D. Similarly u3 is a transmitter and v3 a 
receiver in (B3). But then v2v3 E D, a contradiction since v2 and v3 are 
asymmetric. 
Thus the assumption that all quadruples are of type I I  also leads to a 
contradiction. This completes the proof that the case h = 2n -- 1 cannot 
Occur .  
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CASE 6: h = 2n -- 1. As in Case 5, let/~ denote the degree of U(D). 
I f  h ~ 2n -- 1, then by the previous cases/ )  is a digraph in Table I I  such 
that the degree of U(D) is 2n -- 1. The only digraphs/3 for which this is 
true are Do~, DI~, and D~2, and correspondingly D is D71 , D72, or DTa. 
The remaining possibility is h ---- 2n --  1. In this case, D is a tournament 
and we shall show that it must be transitive. 
Assume that D is not transitive. Consider the set of  all integers which 
are indegrees or outdegrees of  points of  D. Let k be the least integer in this 
set. Now k ~ 0 because by Theorem 4 each point of  D is in a 3-cycle. 
Also k ~ n -- 1 because the sum of the indegrees equals the sum of 
the outdegrees, and the total degree of  each point in D is 2n -- 1. I f  
k= n -- 1, then all points of D have degree pairs (n, n -- 1) or 
(n 1, n). 
Let Ul be a point of  D corresponding to k, so that either od(Ul) --  k or 
id(u~) ----- k. I f  the latter holds, then in the converse of D, obtained by 
reversing all the lines of  D, the outdegree of Ul is k. Since D has all bi- 
sections if and only if its converse does, it is sufficient o consider the case 
where od(ul) ---- k. 
I f  v is a point of D, we shall use the symbol F(v) to denote the set of  all 
points x of D such that vx E D. Thus F(v) contains just those points which 
are adjacent from v. 
Consider the collection of all equipartitions [.4, B] such that ux 9 .4 and 
F(Ul) C B. Since k ~< n --  1, the set B has at least one point not in F(u~). 
In (.4), the point ul is a receiver. Since (A)  ~ (B),  there must also be a 
receiver in (B).  
Let us suppose that in no such equipartition does the receiver in (B)  
belong to F(ul). Let F(ul) = {vl, v2,..., vk}. Choose one of the equi- 
partitions [A, B] and let the receiver in (B)  be vk+~. Label the other points 
of B (if any) vk+2 ,..., vn 9 Since od(vk+l) ~ k, by the definition of k, the 
number of  points in T'(Vk+l) is m ~ k. Let F(C~+l) = {ul ..... urn} and label 
the other points of  A (if any) u,~+~ ,..., us 9 I fm = k = 1, then v2 is in only 
one 3-cycle (UlV~V2) in D contrary to the corollary to Theorem 4. Therefore 
m~l .  
I f  k = n -- 1, there is only one point v~ of B which is not in F(Ul). In 
the bisections [.4~, B2] and [A~, Bz], the points us and ua are receivers in 
(B~) and (Ba), respectively. Since u2 and ua receive lines from v~ (for 
n ~ 3), as well as from each point of F(ul), each has indegree at least n. But 
since u2 and u3 are also joined, one must have indegree at least n § 1, 
which is impossible when k = n --  1. 
Suppose k ~ n --  1. In the bisections [.4k+2, B~], i ---- 2 ..... m, the 
point Ul is a receiver in (Ak+2). Hence (Bi)  has a receiver which must be 
ui since every other point in (Bi)  is adjacent o Vk+l and vk+l is adjacent o 
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ui 9 Hence every point of  B in [A, B] except possibly v~+2 is adjacent in D 
to ui,  i = 2,..., m. 
I f  there exists a point u~+i not in 1-'(vk+l), consider the bisection 
[A1, B~+I]. The point vk+l is a receiver in (B~+I}. Hence (A~} has a 
receiver which must be vi 9 Then in particular u2vl E D. This contradicts 
the conclusion of  the previous paragraph, according to which v~us ~ D. 
Hence/'(v~+t) = A and in = n. 
In the bisection [Ak+~, Bt], the point Vk+l is a transmitter in (A~+I}. 
Hence (B~} has a transmitter which cannot be ua or a point of F(ua). I f  it 
were not vk§ it would be adjacent o all other points of  B 1 and to all 
points of A. Therefore it could not be in any 3-cycle in D, contrary to 
Theorem 4. Hence the transmitter is v~+s, so vk+s is adjacent o all other 
points in (B). 
In the bisections [Ak+l, Bi], i = 2,..., n, the point u~ is a receiver in 
(A~+I). Hence (Bi} has a receiver which must be ui. Therefore vk+s is 
adjacent in D to all points of A. Hence vk§ is a transmitter in D. This 
contradicts the fact that vk+s must be in a 3-cycle in D. 
The supposition that in no one of  the bisections [A, B] does the receiver 
in (B} belong to/ ' (u~) has led to a contradiction in all cases. Therefore 
choose a bisection [A, B] in which the receiver in (B} is in F(ua). Let 
/'(ua) = {va, vs ,..., vk} as before and let the receiver be v 1 . Denote the 
other points of B by v~+i .... , vn. Let I'(vl) = {us .... , urn+l}, where m >~ k, 
and label the remaining points of A (if any) u~+s ..... un. 
In the bisections [Ak+ 1 , Bi] , i = 2,..., m + 1, the point ul is a receiver 
in (Ak+l}, so (Bi} has a receiver. It cannot be v~ or any point of B so it 
must be ui 9 Hence every point of  B except possibly vk+~ is adjacent in D to 
every point of l'(v~). I f  k + 1 < n, then in the bisections [Ak+s, Bi], 
i = 2 ..... m + 1, the point ui is a receiver in (Bi}, so Vk+l too is adjacent 
to every point of/ ' (vl) .  
In the equipartition [As, B,,,+s], the point va is a receiver in (B~+s} but 
(As} has no receiver. Hence either m = n --  1 or k = 1. I f  m = n -- 1, 
consider [Aa, B~]. In (AI}, the point vl is a transmitter, so there is a 
transmitter in (B~}. It cannot be u~ or a point of  F(ua). I f  k + 1 < n, this 
transmitter is adjacent in D to every other point of  B and to every point of  
A. Hence it is in no 3-cycles in D, which is a contradiction. I f k + 1 = n, 
each point of  D has degree pair (n --  1, n) or (n, n --  1). Each point of  B 
except v, is adjacent in D to each point of A except u l .  Hence each point 
of  F(Ul) other than vt has outdegree at least n since it is also adjacent 
to Vl. But F(u~) has at least three points if n > 3. Since vs joins v3, 
one of these two points has outdegree greater than n, which is a contra- 
diction. Hence m =/= n --  1. 
I f  on the other hand k = 1, then F(Ul) = {Vl}. In the bisection [A, B], 
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the point ux is a receiver in (B1). Hence (A1) has a receiver which must 
be in 1"(vl). Call this receiver u~. Since it was shown that all points of B 
are adjacent to uz in D, the outdegree of u~ in D is 1. The only 3-cycle in 
D with us as a point is (u2ulv~). Since each point must be in at least two 
3-cycles when 2n > 6, this is a contradiction. 
The supposition that the receiver in (B)  is in/'(Ul) has also led in all 
cases to a contradiction. Therefore a tournament of order 2n > 6 which 
has all bisections must be transitive. 
This completes the proof of Theorem 5. 
5. EXCEPTIONAL DIGRAPHS HAVING ALL BISECTIONS 
In order to complete the characterization f the digraphs having all 
bisections, it is necessary to list those of order 4, 6, and 8 which are not in 
Table II. For order 4, these are digraphs which are orientations of C4 and 
non-transitive tournaments ( ee Figure 4) together with their complements. 
FIGURE 4 
The digraphs in Figure 5 together with their complements include all 
the additional digraphs of order 6 which have all bisections. 
FIGURE 5 
58214H-2 
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The addit ional  digraphs of order 8 are S(2Ca) and the orientation of  
2C4 in which the two components are directed 4-cycles (see Figure 6) 
together with their complements. 
@9 
FIGURE 6 
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